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Let Γ be a connected G-vertex-transitive graph and let v be a
vertex of Γ . The graph Γ is said to be G-locally primitive if the
action of the vertex-stabiliser Gv on the neighbourhood Γ (v) of v
is primitive. Furthermore, Γ is said to be of locally Twisted Wreath
type if Gv is a primitive group of Twisted Wreath type in its action
on Γ (v).
Richard Weiss conjectured in 1978 that, there exists a function
f :N→N such that if Γ is a connected G-vertex-transitive locally
primitive graph of valency d and v is a vertex of Γ , then |Gv |
f (d). In this paper we prove this conjecture when Γ is of locally
Twisted Wreath type.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let Γ be an undirected graph and G a subgroup of the automorphism group Aut(Γ ) of Γ . For each
vertex v of Γ , we let Γ (v) denote the set of vertices adjacent to v in Γ and GΓ (v)v the permutation
group induced on Γ (v) by the vertex-stabiliser Gv of v . Given an arc (u, v) of Γ , we let G
[1]
v denote
the subgroup of Gv ﬁxing point-wise Γ (v) and we let G
[1]
uv = G[1]u ∩ G[1]v denote the subgroup of the
arc-stabiliser Guv ﬁxing point-wise Γ (u) and Γ (v).
The graph Γ is said to be G-vertex-transitive if G acts transitively on the vertices of Γ . We say
that the G-vertex-transitive graph Γ is G-locally primitive if GΓ (v)v is primitive. In 1978 Richard Weiss
[17] conjectured that for a ﬁnite connected G-vertex-transitive, G-locally primitive graph Γ and for a
vertex v of Γ , the size of Gv is bounded above by some function depending only on the valency of Γ
(see also the introduction in [21]). The truth of the Weiss Conjecture is still widely unsettled and only
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with a long series of papers as the culmination of work by Weiss and Troﬁmov [9,11–14,18–20]).
The key for analysing a ﬁnite primitive permutation group L is to study the socle N of L, that is,
the subgroup generated by the minimal normal subgroups of L. The socle of an arbitrary ﬁnite group
is isomorphic to the non-trivial direct product of simple groups, and, for ﬁnite primitive groups these
simple groups are pairwise isomorphic. The O’Nan–Scott theorem describes in details the embedding
of N in L and collects some useful information of the action of N . In [3, Theorem] ﬁve types of
primitive groups are deﬁned (depending on the group- and action-structure of the socle), namely HA
(Aﬃne), AS (Almost Simple), SD (Simple Diagonal), PA (Product Action) and TW (Twisted Wreath), and it
is shown that every primitive group belongs to exactly one of these types. (We remark that in [5]
this subdivision into types is reﬁned, namely the PA type in [3] is partitioned in two parts, which are
called CD (Compound Diagonal) and PA.)
The only primitive groups where the socle is a regular normal subgroup are of HA type or of TW
type. In the former case, the socle is an elementary abelian p-group and, in the latter case, the socle
is isomorphic to the direct product T  with  2 and with T a non-abelian simple group. One of the
main indications supporting the Weiss Conjecture is in [18]. Indeed, Weiss [18, Theorem] shows that,
if Γ is a connected G-vertex-transitive graph of valency d, GΓ (v)v is a primitive group of HA type and
(u, v) is an arc of Γ , then either G[1]uv = 1 (and in particular |Gv | d!(d − 1)!) or the socle of GΓ (v)v is
an elementary abelian 2- or 3-group (more information on the structure of GΓ (v)v in the latter case is
given in [18, Theorem (i)]).
In this paper, we focus on the only other type of ﬁnite primitive groups where the socle acts
regularly, that is, primitive groups of TW type. As a new evidence towards the proof of the Weiss
Conjecture, we prove the following theorem.
Theorem 1. Let Γ be a connected G-vertex-transitive graph of valency d and (u, v) an arc of Γ . If GΓ (v)v is a
primitive group of TW type, then G[1]uv = 1. In particular, |Gv | d!(d − 1)!.
Very recently Weiss and Troﬁmov have new signiﬁcant indications towards a positive solution to
the Weiss Conjecture. In fact, using the results in [10,21], they show in [15] that if GΓ (v)v contains a
subgroup permutation isomorphic to PSL(m,q) in its natural action on the n-dimensional subspaces of
an m-dimensional vector space over Fq , then the Weiss Conjecture holds true. Other recent evidence
(in a different direction) is given in [4,6,7].
2. Proof of Theorem 1
Let Γ be a connected G-vertex-transitive graph. The Thompson–Wielandt theorem [8,22] is an
essential tool in the proof of many results concerning with the Weiss Conjecture and the proof of
Theorem 1 relies on it. In the version in [2,16], this important theorem states that, if Γ is G-locally
primitive and (u, v) is an arc of Γ , then G[1]uv is a p-group for some prime p.
Before we prove Theorem 1 we establish the following lemma, which is inspired by the structure
theorem for primitive groups of TW type in [1, Section 5].
Lemma 2. Let L be a ﬁnite primitive group of TW type acting on the set Ω and let ω be in Ω . Then Lω has no
non-trivial normal p-subgroups.
Proof. Let N be the socle of L. Since L is primitive of TW type, N is a normal regular subgroup of L
and N ∼= T  for some non-abelian simple group T and some  2. We argue by contradiction and we
assume that Lω has a non-trivial normal p-subgroup P . As Lω  NL(P ) and Lω is a maximal subgroup
of L, we obtain Lω = NL(P ). Hence CN (P ) ⊆ N ∩ NL(P ) = N ∩ Lω = Nω = 1. This yields that in the
action of P on N by conjugation, there exists a unique orbit of length 1 (namely {1}) and all the other
orbits have length divisible by p. Hence p divides |N| − 1.
Let r be a prime with r | |N| and let R be a Sylow r-subgroup of N . By Sylow’s theorem, the
number of Sylow r-subgroups of N is |N : NN(R)|. Since p does not divide |N : NN (R)|, we obtain that
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P  NL(R). Assume that P normalises two distinct Sylow r-subgroups R and R ′ of N . So, R ′ = Rn1 , for
some n1 ∈ N . As P , Pn−11  NP , we obtain P , Pn−11  NL(R)∩ NP = (NL(R)∩ N)P = NN (R)P (where in
the ﬁrst equality we used the “modular law”). Since p is coprime to |N|, we have that P and Pn−11 are
Sylow p-subgroups of NN (R)P . Therefore, there exists n2 ∈ NN(R) with P = Pn−11 n2 , that is, n−11 n2 ∈
N ∩ NL(P ) = N ∩ Lω = 1 and n1 = n2. As n2 ∈ NN(R), we have R ′ = Rn1 = Rn2 = R , a contradiction.
This contradiction shows that R is the unique Sylow r-subgroup of N with P  NL(R).
Let l be in Lω . Since P normalises R , the group Pl normalises Rl . As Lω = NL(P ), we obtain that P
normalises R and Rl and, by uniqueness, R = Rl . Since l is an arbitrary element of Lω , we have that
Lω normalises R and hence LωR is a subgroup of L with Lω < LωR < L, contradicting the primitivity
of L. 
Proof of Theorem 1. Let Γ , G and (u, v) be as in the statement of Theorem 1. We let G{u,v} denote
the stabiliser of the edge {u, v} of Γ . By the Thompson–Wielandt theorem, G[1]uv is a p-group for some
prime p. If G[1]uv = 1, then there is nothing to prove. Therefore we may assume that G[1]uv = 1. In the
rest of the proof we reach a contradiction. (As usual, O p(G) denotes the largest normal p-subgroup
of G .)
As G[1]u  Guv , we have O p(G[1]u )  Guv and so O p(G[1]u )  O p(Guv ). Suppose O p(Guv )  G[1]u .
Then O p(Guv) O p(G[1]u ), which (from above) implies O p(Guv) = O p(G[1]u ). In particular, O p(Guv)
Gu and O p(Guv) G{u,v} . Since Γ is connected, G = 〈Gu,G{u,v}〉 and hence O p(Guv) is a normal
subgroup of G contained in the arc-stabiliser Guv . As Guv is core-free in G , this yields O p(Guv ) = 1
and, as G[1]uv  O p(Guv ), we obtain G[1]uv = 1, a contradiction. This shows that O p(Guv)  G[1]u . Hence
O p(Guv)Γ (u) is a non-trivial normal p-subgroup of G
Γ (u)
uv .
As O p(Guv)Γ (u) is a non-trivial normal p-subgroup of G
Γ (u)
uv , the proof of Theorem 1 follows from
Lemma 2 applied to L = GΓ (u)u , Ω = Γ (u) and ω = v . 
References
[1] R.W. Baddeley, Primitive permutation groups with a regular non-abelian normal subgroup, Proc. Lond. Math. Soc. 67 (1993)
547–595.
[2] A. Gardiner, Arc-transitivity in graphs, Quart. J. Math. Oxford 24 (1973) 399–407.
[3] M.W. Liebeck, C.E. Praeger, J. Saxl, On the O’Nan–Scott theorem for ﬁnite primitive permutation groups, J. Aust. Math. Soc.
(A) 44 (1988) 389–396.
[4] P. Potocˇnik, P. Spiga, G. Verret, On graph-restrictive permutation groups, submitted for publication, arXiv:1101.5186.
[5] C.E. Praeger, Finite quasiprimitive graphs, in: Surveys in Combinatorics, in: London Math. Soc. Lecture Note Ser., vol. 24,
1997, pp. 65–85.
[6] C.E. Praeger, P. Spiga, G. Verret, Bounding the size of a vertex-stabiliser in a ﬁnite vertex-transitive graph, submitted for
publication, arXiv:1102.1543.
[7] C.E. Praeger, L. Pyber, P. Spiga, E. Szabó, The Weiss conjecture for locally primitive graphs with automorphism groups
admitting composition factors of bounded rank, Proc. Amer. Math. Soc., in press.
[8] J.G. Thompson, Bounds for the order of maximal subgroups, J. Algebra 14 (1970) 135–138.
[9] V.I. Troﬁmov, Vertex stabilizers of graphs with projective suborbits, Dokl. Akad. Nauk SSSR 315 (1990) 544–546 (in Rus-
sian); English transl.: Soviet Math. Dokl. 42 (1991) 825–828.
[10] V.I. Troﬁmov, R.M. Weiss, Graphs with a locally linear group of automorphisms, Math. Proc. Cambridge Philos. Soc. 118
(1995) 191–206.
[11] V.I. Troﬁmov, Graphs with projective suborbits. Exceptional cases of characteristic 2. I, Izv. Ross. Akad. Nauk Ser. Mat. 62
(1998) 159–222; English transl.: Izv. Math. 62 (1998) 1221–1279.
[12] V.I. Troﬁmov, Graphs with projective suborbits. Exceptional cases of characteristic 2. II, Izv. Ross. Akad. Nauk Ser. Mat. 64
(2000) 175–196; English transl.: Izv. Math. 64 (2000) 173–192.
[13] V.I. Troﬁmov, Graphs with projective suborbits. Exceptional cases of characteristic 2. III, Izv. Ross. Akad. Nauk Ser. Mat. 65
(2001) 151–190; English transl.: Izv. Math. 65 (2001) 787–828.
[14] V.I. Troﬁmov, Graphs with projective suborbits. Exceptional cases of characteristic 2. IV, Izv. Ross. Akad. Nauk Ser. Mat. 67
(2003) 193–222; English transl.: Izv. Math. 67 (2003) 126–1294.
[15] V.I. Troﬁmov, R.W. Weiss, The group E6(q) and graphs with a locally linear group of automorphisms, Math. Proc. Cambridge
Philos. Soc. 148 (2010) 1–32.
[16] J. Van Bon, Thompson–Wielandt-like theorems revisited, Bull. Lond. Math. Soc. 35 (2003) 30–36.
[17] R. Weiss, s-Transitive graphs, Colloq. Math. Soc. János Bolyai 25 (1978) 827–847.
2260 P. Spiga / Journal of Combinatorial Theory, Series A 118 (2011) 2257–2260[18] R. Weiss, An application of p-factorization methods to symmetric graphs, Math. Proc. Cambridge Philos. Soc. 85 (1979)
43–48.
[19] R. Weiss, Groups with a (B,N)-pair and locally transitive graphs, Nagoya Math. J. 74 (1979) 1–21.
[20] R. Weiss, Permutation groups with projective unitary subconstituents, Proc. Amer. Math. Soc. 78 (1980) 157–161.
[21] R. Weiss, Graphs which are locally Grassmann, Math. Ann. 297 (1993) 325–334.
[22] H. Wielandt, Subnormal Subgroups and Permutation Groups, Lecture Notes, Ohio State University, Columbus, 1971.
